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Introduction

One of the most important problems in the
latent image formation in photographic process
is the phenomenon known as the reciprocity-
law failure corresponding to the breakdown of
Bunsen-Roscoe’s law for a photo-chemical reac-
tion. As is well known, the developed density
of & photographic emulsion does not depend
only upon the exposure of light, namely the
product of the intensity and time factors. In
most cases, there exists an optimal intensity at
which the photographic process proceeds most
efficiently. \

This phenomenon is in general represented
graphically by a reciprocity-failure curve. The
curve A in Fig. 1 shows a typical case of it,
in which the log exposure (It) required to pro-
duce a constant developed density is plotted
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Fig. 1.—Reciprocity-failure curves for differ-
ent degrees of alter-ripening: curves A and
B correspond to low and high degrees of
after-ripening respectively.

-against the log intensity (I).

The drop in photographic efficiency at inten-
sities higher than the optimum, which.is termed
as the high intensity failure, is-caused by the
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relative sluggishness of the inonic process com-
pared with the high rate of the production of
the photo-electrons and the limited electric
capacity of the electron traps.) On the other
hand, the failure of reciprocity-law at intensi-
ties lower than the optimum arises from the
fact that the thermal agitation impedes the
creation of the silver specks in the initial stages
of the latent image formation.(:®

These interpretations are qualitatively accep-
table, but 1t is highly desired from both theo-
retical and practical standpoints to develop
this theory, especially so as to interpret quan-
titatively the shape of the reciprocity-failure
curve. This is the reason why the problem in
this field has received so much discussion in
recent years. XKatz® and Webb,® for instance,
have succeeded independently in deriving the
theoretical curves in the region of very low
intensities. Their methods are based upon the
following considerations : (1) the assumed ex-
istence of the stable speck in the initial stages
of latent image formation and (2) the statistical
fluctuation of the number of light quanta ab-
sorbed by a grain. Their separate treatments
arrived at the same conclusion that the shape
of the curve at very low intensities is a straight
line, and this is in good agreement with the
experimental results.

In the above treatments by Katz and Webb,
they attempt to extend their treatments so as
to include the region of intermediate intensities
below the optimum. However, it seems® that
in their extensions they do not fully appreciate
the interplay of ionic and electronic processes
at intermediate intensities below the optimum.

In such-a region of exposure intensities
special attention must be given fo what becomes
of the photo-electrons after they have been
captured by the electron traps. In some cases,
some of such frapped electrons may not be
neutralized by ionic process, but, due to thermal
motion, escape irom the trapping states. Thus
these two possibilities may act competitively
on the trapped electrons (hereafter referred to
as the competitive action).

It is the purpose of this paper, therefore, to
point out that there is a more appropriate
treatmenst in the region of intermediate intensi-
ties at and near the optimum. The present
authors emphasize that in such a region the
competitive action should be taken into account.
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Moreover, by assuming the accumulation of
the trapped electrons in an electron trap throu-
ghout exposure, the present authors have phe-
nomenologically formulated a dynamical equa-
tion for the rate of increase in the number of
the trapped electrons. On the basis of this,
analytic expression for the log exposure required
to produce the developable image has been
derived. Finally, by means of adjustable param-
eters, comparison has been made to see how
this theoretical curve is compatible with the
experimental data.

A phenomenon which produces strong evid-
ence for our viewpoint is that the reciprocity-
failure curve is shifted as a whole in a definite
way in accordance with the changes in various
factors such as the degree of the after-ripening,
th= ionic conductivity, the temperature, ete.

For instance, as the after-ripening is prolonged
in its earlier stages, the reciprocity-failure curve
at intermediate intensities is in most cases
shifted as a whole toward lower intensity along
the direction of lines of constant exposure
times (hereafter referred to as the diagonal
shift).® The experimental reciprocity-failure
curves at different degrees of after-ripening are
shown in Fig. 1, where the curve B refers to
the emulsion subjected to a longer after-ripen-
ing than that of the curve A. This diagonal
shift seen here which is composed of the
vertical descent component as well as the
traverse shift component would be inexplicable
by any idea, unless the competitive action
were taken into account.

It seems to be also the case with the similar
shift caused by the temperature changes,
although Katz® and Webb® have some re-
marks on this point without being aware of
the importance of the competitive action afb
intermediate intensities.

It is to be noted, therefore, that the treat-
ment given in this paper is especially suitable
for interpreting the bodily shifts of the whole
curves at intermediate intensities.

Derivation of the Equation Representing
the High Intensity Failure Component

Exposure of silver halide grains of the photo-
graphic emulsion releases electrons from the
bromide ions or the local absorption centers
and raises them up to the conduction levels
of the crystal lattice. Such electrons move
through the lattice and then may be captured
by the electron traps (sensitivity specks) dis-
tributed haphazardly on the grains.

Let us consider first the process of electron

(6) E. Mizuki, Kagaku Bufsuri (in Japancse), 1, 49
(1849); E. Mizuki snd 8. Fujisawa, to be published.
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trapping. We assume that the electron trap
responsible for the latent image formation may
be capable of capturing several electrons simul-
taneously. In this case, however, owing
to their electrostatic repulsion against sub-
sequent electrons, the capture cross section o
of an electron trap diminishes with increasing
the number n of the electrons already captured,
in accordance with the relation

o=8n", (1)

where 8 and 7 are the numerical constants,
the {ormer being one of parameters determing
the position of the reciprocity-failure curve
and the latter one of adjustable parameters
which serve to fit the shape of the theoretical
curve to the experimental one. It js on this
account that the present treatment is to be
considered as essentially phenomenological.

Secondly, we now suppose the existence of
the competitive action on the trapped electrons,
The electrons staying in the electron trap may
be either neutralized by the ionic migration
{mobile silver ions or vacant anion sites) owing
to their negative charge, or ejected on to the
conduction band by the thermal motion (lead-
ing to inefficiency). These two possibilities
should be considered as competing (simulta-~
neously existing) so long as the lifetime of a
trapped electron is of the same order as the
time of neutralization by ionic migration.
Under the existence of such competitive action,
the rate of increase in the number of trapped
electrons during exposure with intensity I is
given by the equation,

dn/di = PBn—"I—(Q+R)n. (2)

Herein P is the constant proportional to the
product of the grain ares and the light absorp-
tion factor of the grain; the factor Brn~ is
given by Eq. (1): @ is the constant propor-
tional to ionic conductivity for the ionic
process playing a role in the neutralization of
trapped electron; R is the probability of an
electron escaping from an electron trap, or the
reciprocal of average lifetime of a trapped
electron, having the relationship,

R = vexp(—4E/[kT). (8)

In this relation 4E is the thermal depth of
the electron trap, and v the frequency with
which a trapped electron collides with the
potential walls of the electron trap, %k the
Boltzmann constant and 7 the temperature.
It should be remarked about Eq. (2) that
the present authors deal only with the case
where the magnitude of the first term PBn=I
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is larger than that of the second term (@ R)n.
If, however, the ionic migration is so rapid
that the second term surpasses the first term
even when the magnitude of the factor R is
very small, the accumulation of trapped
electrons in an electron trap will not occar.
Accordingly, Eq. (2), therefore the present
treatment will be meaningless, but the exten-
sions attempted by Katz and Webb will be
found the good approximations in such a case.
Integrating Eq. {2), we have

nt*Y={BPIL[(Q+R)}1—exp{{1+Y)(@+R)}].
(4)

When the factor (147)(@-+ R) is large enough,
Eq. {4) shows that the value of n approaches
the saturation value n4(I) given by,

ns(I} = {BPL/(Q+R)P/*Y, (5)

as soon as the grain is exposed. Then we can
tentatively assume that the number of the
trapped electrons in an electron trap remains
constant throughout the whole exposure time,
but increases slowly with increasing the ex-
posure intensity I in accordance with the
relation (5). On this assumption, the number
N of the silver atoms produced by the neutrali-
zation process during exposure time ¢ can be
calculated by the following equation

N= J[ “QnyT)at. (6)

Substituting for ny(I) from Eq. (5) and then
integrating, we obtain the following equation
after a slight rearrangement,

7 Q

loglt =-—"—logI—lo -

g 1ty g g N
_.a iog Bi (7)

1+ Q+R
Eq. (7) expresses the log exposure required to
produce the N silver atoms. Eq. (7) plotted
on the log It versus logI type of diagram gives
a straight line having a positive slope, and
thus represents only the component of the
high intensity failure.

Consideration of the Low Intensity
Failure Component

It is believed that the cause of the low
intensity failure is found in the initial stages
of latent image formation. Thermal vibration
of the crystal lattice impedes the creation of
the silver specks in the initial stages of latent
image formation.
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We now assume that the silver speck will
begin to form only when the number of the
trapped electrons in an electron trap at which
the silver speck will be formed exceeds a
critical value n., and that the silver speck so
formed is stable to thermal agitation (the
stable speck). ‘Such interpretation is very
similar to; but slightly different from that
proposed by Gurney and Mott.()

Since the silver speck can not be formed
under the condition that the intensity of ex-
posure is so low that the value of ngI) is less
than a critical value n. (ns(I)<n.), where n,I)
is the average number of trapped electrons
given by Eq. (5), the slope of the reciprocity-
failure curve should become suddenly iofinite
at a critical intensity in the lower intensity side
of the curve. Most experimental results, how-
ever, do not show such an abrupt upturn
in the curve. It seems quite reasonable that
the fluctuation of light quanta absorbed by a
grain should be taken into account to interpret
the non-existence of such an abrupt upturn
in the lower intensity failure curve. This step
has been already taken by many workers.(™

Even if the average intensity of light is
sufficiently low, its momentary value may be
raised up because of the fluctuation phenome-
non. Accordingly, it may be assumed® that
the momentary number of trapped electrons
may become larger than n. although its
average number can not exceed n.. Therefore,
it is expected that even at such low intensities
there exists the possibility of formation of a
stable speck, and this possibility will decrease
as the average intensity of light is lowered.

Let us now calculate the exposure required
to produce the stable speck at intermediate
intensities with considering the low and high
intensity failure component simultaneously.
We believe that Eq. (6) can answer our purpose
if such modification is made on it as is based
on the afore-said considerations. This modifi-
cation is made in the following way: When
the average number of trapped electons existing
in an electron trap is ndI), the probability
P(n) of n electrons existing in an electron trap
can be represented by the use of the Poisson
equation,

Pin)=exp {—ngI)}Hn{I */n!}. (8)

By summing this expression for all » values

(7) L. Silberstein, J. Opt. Soc. 4m., 29, 432 (1939); P.
C. Burton and W. F. Berg, FPhot. J., 86B, 2 (146); re-
ferences (3) snd (4)

(8) As has been stated, it is assumed that the satura-
tion of the electron concentration in an electron trap is
schieved as scon as the grain is exposed.
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from 7m, to infinity, we can obtain a factor
F{n{I)} corresponding to the probability of at
least n. electrons existing in an electron trap

F{n{D)}=exp{niD)} 5 {ndIF/n}. ()

The above mentioned modification will be
made when n{I) in Fq. (6) i3 multiplied by
the factor F' so obtained. Thus we can calculate
approximately the exposure required to produce
the stable speck (the number of silver atoms
in it is N;) by means of the equation

N,= ﬁ “ QP {ndI ) IndI )dt. (10)

Substituting for n{I) from Eq. (5) and then
integrating, we obfain the following equation
after a slight rearrangement,

T QF {ndI)}
oy logI —log e
/P

1y B oig

(1)

This equation expresses the log exposure (Its}
required to produce the stable speck in the
initial stages of latent image formation. The
value of F{nfI)} for a given value n. (say
two), which can be calculated by the graphical
method, begins to decrease less than unity as
ndI) is lowered. In addition, n{I) varies with
the intensity I in accordance with Eq.(5), and
thus following relation will be given,

1
1+7

Alog nyI) =( )A logI. (5")

Using this relation we can easily get an idea
of how the factor F{n,/I)} varies with the
intensity I. It follows that the curve of Eq.

log 1t

- |
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Fig. 2.—Theoretical reciprocity-failure curves
for: (8), initial stages; (L), later stuges; (O)
total stages. Comparison of theoretical com-
posite curve -C with experimental curve.
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(11) plotted on log It wersuslogI type of dia-
gram has its optimum point (the optimal in-
tensity). Its schematic curve iﬁ\shown by the
curve S in Fig. 2. It has been derived, there-
fore, that the reciprocity-failure curve for the
initial stages of formation of the latent image
{the stable speck formation) has the optimal
intensity.

Composite Reciprocity Failure Curve

In order that the stable speck may be, brou-
ght up to the developable size, there are still
repuired some additional silver atoms Ng. Then,
we assutne that this process takes place in that
later stages of the latent image formation in
which there is no influence of the low intensity
failure component, but of the high intensity
failure component. Therefore, in order to cal-
culate the further exposure (It,) required to
produce N, addtional silver atmos, Eq. (7) can
be directly applicable. Thus we obtain the

equation,
. Y Q
log I'tqs =- - —
og Ita 1+ log I—log o
1 B8P
— ———log . 12
1+7 S Q+R 1)

Since Eq. (12) does not contain the factor F,
the shape of its reciprocity-failure characteristic
is a straight line having a slope v/(1+7) as
shown by the line L in Fig. 2.

Finally, the log total exposures (Ft) required
to produce the developable latent image from
unexposed state will be

log It = log (L't + Ita), (18)
where It; and It, are given by Eqgs. (11) and
and (12) respectively. Summation in Eq. (18)
can be easily carried out by the graphical
method. A composite reciprocity-failure curve
80 obtained is schematically shown by the
curve C in Fig. 2. Using adjustable para-
meters ¥, 7., and No/N,; we can fit the shape
of the theoretiacl curve to that of experimental
curve at and near the optimal intensity. The
other parameters 3, N;, Nq, P, @ and R deter-
mine the position of the curve C in Fig. 2.
The theoretical curve having ¥ = 1, n, =2 and
Na/Ns =2 is shown here together with the
measured points of the experimental recipro-
city-failure curve,

Discussion of Theoretical Results

Discrepancies at Lower and Higher In-
tensities.—As is shown in Fig. 2, the theo-
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retical curve C does not perfectly agree with
the experimental points in the region of lower
and higher intensities. The discrepancy at
lower intensities is probably connected with the
fact that in such a region the trapped electron
in an electron trap can not be accumulated
continually during the entire course of ex-
posure, therefore the fundamental Eq. (2) will
lose its meaning. On the other hand, the dis-
crepancy in the region of higher intensities
presumably arises from the following fact: The
vresent theoretical curve redresenting the log
exposure required to produce only one just-
developable speck in a grain is worthy of com-
paring with the experimental results obtained
under the special condition that only the grains
having a just-developable speck can initiate
the development. In the region of higher
intensities, however, the grains having the sub-
speck whose size is too small to be developable
for a short duration of development are likely
to be formed together with the grains having
the developable one. This tendency will pro-
gressively predominate with imereasing the
intensity. Thus, it is expected that the develop-
ment conditions exert strong influence upon
the shape of the curve in the region of higher
intenisities at and beyond the optimum. Ac-
cordingly, the experimental curves would be
more compatible with the theoretical curves,
if the exposed emnulsions were developed for
a shorter period by means of a weaker devel-
oper.

Bodily Shift of the Whole Curve.—It is
to be emphasized that the important feature
of this theory is the strong dependence of the
position of the whole curve in diagram upon
the factors such as 8, P, @ and R. An in-
teresting conclusion theoretically derived on the
basis of this is that the position of the reci-
procity-failure curve will make a bodily shift
if the value of the above factors is changed.

log It

-2

-4 -3 -2 -1 0 1 2
log X
Fig. 3.—Bodily shift of the whole curve caused

by the change in the magnitude of the
tactor R, '
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This conclusion has been reached in the follow-
ing way: Let us consider, for instance, the
case of the factor R, which is also applicable
to the case of the factors 8, P and Q with
slight modifications. When the thermal depth
AE of electron trap is increased, the proba-
bility R of an electron escaping from the
electron trap will be decreased in accordance
with the relation (3). This decrease in the R
factor exerts an influence upon the factors n
(I') in accordance with the relation (5). If the
value of BP/(Q+R) is increased by a factor A
due to a decrease in the R factor, it is easily
seen that the value of n,(I/A) after this change
equals to that of ng(I) before this change, and
thus leaving the value of the F factor un-
changed. In Eq. (11), because of the existence
of the term containing the F factor, the position
of the minimum point in the curve S will be
shifted toward lower intensities along a straight
line having & slope ¥/(1 +7¥) by an amount
whose projection on the abscissa is log A (as
shown by the shift S —» 8’ in Fig.8). It is to
be noted here that the curves S and 8' have the
same shape. Hence, the magnitude of the
vertical descent of the upturn portion of the
carve S will be {¥(1 +7¥)}log A. In addition,
the curve 8! will vertically descend as a whole
by an amount {1/(1 + 7¥)}og7¥ (the shift 8'—
8"), since Eq. (11) has the last term contain-
ing the R factor. This shift will change the
shape of the composite curve. However, the
straight line L will only vertically descend by
the same amount originating in the last term
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in Eq. (12) (the shift L — L"), which does not
contain the F factor. Accordingly, the shape
of the composite curve does not change. The
vertical descend of the upturn portion of the
composite curve (the shift C—C") will be
log A after all. Thus, the composite curve will
be shifted toward lower intensities diagonally
(along the direction of 45-degree lines of con-
stant exposure times) as a whole, since the
vertical descend equals to the traverse shift in
their magnitudes.

The present authors maintain that the above
theoretical conclusion is tenable,® since it is
consistent with the experimental facts concern-
ing the diagonal shifts caused by the prolonga-
tion of after-ripening in its earlier stages. The
detailed effects of after-ripening upon the posi-
tion and shape of the reciprocity-failure curves
will be discussed in our forthcoming publica-
tion.® It is to be added here that the mea-
surements® of the reciprocity-failure curves of
the photographic emulsions having the different
ionic conductivities respectively are consistent
with the theoretical conclusion derived by means
of changing the factor € in the theory of this
paper.

We are indebted to Prof. 8. Makishima for
helpful discussions concerning several points.

Fuji Research Institute, Fuji Photo Film Company,
Minami-ashigara—cho, Kanagawa-ken
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